UNITARY REPRESENTATIONS OF THE FUNDAMENTAL 

GROUP OF ORBIFOLDS 



INDRANIL BISWAS AND AMIT HOGADI 

Abstract. We generalize to smooth orbifolds the correspondence between the 
polystable vector bundles and unitary representations for a smooth projective 
variety. 



1. Introduction 

Let y/C be a connected smooth projective curve and £ — > Y a polystable 
vector bundle of degree zero. A celebrated theorem of Narasimhan and Seshadri, 
[S], says that S is necessarily given by a unitary representation of the fundamental 
group of Y. Let X/C be a smooth projective variety of dimension n. Fix an ample 
line bundle £ on X in order to define the degree of a torsionfree coherent sheaf 
on X. The following generalization of the Narasimhan-Seshadri theorem holds. 

1.1. Theorem ([1], [T]). Let S be a vector bundle on X such that Ci{S) = and 
C2(^) ■ ci(£)'"~^ = 0. Then £ is polystable if and only if it is given by a unitary 
representation of the (topological) fundamental group of X . 

Our aim here is to generalize the above theorem to projective orbifolds. By 
an orbifold over a field k we always mean a smooth separated Deligne Mumford 
stack which is of finite type over k. 

1.2. Theorem. Let X/C be an irreducible projective orbifold of dimension n, 
and let C be an ample line bundle on X . Let S — > X be a vector bundle (with 
respect to C) on X such that Ci{S) = and 02(8) ■ ci(£)"~^ = 0. Then £ is 
polystable if and only if it is obtained by a unitary representation of tx^°^{X,x) 
for a (equivalently, any) closed point x e X. 

Here 7r{°^(X, x) denotes the topological fundamental group of underlying com- 
plex analytical stack. The above theorem follows quite easily from Theorem 11.11 
in the special case when X is a global quotient of a smooth variety by a finite 
group. The main work needed to prove Theorem 11.21 is to deduce the general case 
from this special case. As a consequence of Theorem 11.21 we obtain the validity 
of Theorem 11.11 certain types of singular varieties. 
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1.3. Corollary. Let X/C be a projective variety with at worst quotient singular- 
ities. Assume X is the coarse moduli space of a projective orbifold X/C (e.g. X 
has isolated singular points). Then Theorem \l.l\ holds for X. 

Proof. Let C be an ample line bundle on X and £ he a. polystable vector bundle 
satisfying ci{£) = and C2{S) ■ Ci(£)"~^ = where n is the dimension of X. 
Let TT : X ^ X be the given morphism. By 11.21 'n'*{E) is given by a unitary 
representation of 7r'^{X,x) (for some geometric point x of X). However, since 
the vector bundle arising from this representation is a pull back from X, it is 
clear that for every point y of X, the isotropy group Gy at y lies in the kernel 
of this representation. Thus by using ([^,8.1) this descends to give a unitary 
representation of 7r{°^{X, x), which defines the vector bundle 8. □ 

2. RiGIDIFICATION 

Let X be a Deligne Mumford stack over C, and let x be a geometric point of X. 
Throughout we use the notation tt{°^(X, x) to denote the topological fundamental 
group of the underlying complex analytic stack, and use tti (X, x) to denote the 
algebraic fundamental group. 

Recall that the notion of rigidification of a Deligne Mumford stack is a process 
to get rid of given stabilizers in a "minimal" manner. 

2.1. Definition. Let / : Y — > X be a 1-morphism of locally noetherian Deligne 
Mumford stacks. / is called a rigidification if 

(1) / is separated and of finite type, and 

(2) for any atlas U — > X, where [/ is a scheme, the projection Y XxU — > U 
is a coarse moduli space. 

2.2. Remark. Since the morphism to the coarse moduli space of a separated 
Deligne Mumford Stack is always proper, it follows that a rigidification morphism 
is always a proper morphism. 

Let / : Y — > X be a morphism of connected noetherian schemes. Let y he a 
geometric point of Y, and let x = f{y)- For any geometric point y' of Y, let Gy' 
denote the isotropy group at y'. The kernel of the homomorphism 

Gy, > Gfi^y,) 

will be denoted by Kyi. There is a group homomorphism 

Gy> — > T^iiY.y) 

well defined up to conjugation by elements of niiY.y). Let X(/) denote the 
closed normal subgroup of 7ri(y, generated by images of the homomorphisms 

(1) Ky, n,{Y,y) , 

where y' runs over all geometric points of Y . 
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When y is a stack of finite type over C, there are also homomorphisms 

and one defines to be the kernel of the above map and N^°^{f) to be the 

normal subgroup of 7r{°^(y, y) generated by images of the above homomorphisms 
for all y' G F(C). 

2.3. Theorem. Let f : Y — > X be a proper morphism of connected noetherian 
Deligne Mumford stacks. Let y be a geometric point of Y , and let x = f{y)- 
Assume that there exists a dense open substack U G X such that the codimension 
of X\U is at least two, and the induced morphism 

f\u : f-\U) U 

is a rigidification. Then the following two statements hold: 

(i) The sequence of groups 

1 ^ N{f) m{Y, y) 7ri(X, x) 1 

is exact. 

(ii) If X and Y are schemes of finite type over C and y G ^(C), then the 
following similar sequence of the topological fundamental groups 

is exact. 

Proof. We will prove (i); the proof of (ii) is similar. Let us first consider the case 
when / is a rigidification. Let Et(Y) denote the category of finite etale coverings 

of Y. Let C denote the full subcategory of objects Z — ^ Y in Et{Y) such that 
for any geometric point z of Z, 

Kh(z) C Image(7ri(Z, 2;) — > 7ri(Y, h{z))) . 

We claim that the category Et{Y) is equivalent to the category Et{X) of finite 
etale coverings of X. If X' — > X is a finite etale covering, then it is easy to 
see that X' Xx Y — > Y is in Et{Y). Conversely, let Z — > F be a finite etale 
covering in C. Then we need to show that there is a natural finite etale cover 
X' — > X such that Z = X' XxY. This can be proved etale locally on X and 
hence we may assume that X is in fact the coarse moduli space of Y in which 
case this is simply the result of [B]. 

Now consider the general case where / : Y — > X is a rigidification in codimen- 
sion one. Let U G X he the open subset of X whose complement has codimension 
at least two and such that f~^{U) — > f/ is a rigidification. In this case, the proof 
follows from the above special case and the following well known equivalence of 
categories. 

Et(Y) ^ Et{f~\U)) = Et{U) = Et{X). 
This completes the proof of the theorem. □ 



4 



I. BISWAS AND A. HOGADI 



2.4. Theorem. Let k be any field of characteristic zero. Let X/k be any quasipro- 
jective orbifold. Then there exists a 1-morphism (p : Y — > X such that 

(1) Y is an orbifold which is a finite global quotient, and 

(2) There exists a dense open subset V G X such that (j)~^{V) — > V is 
a rigidification morphism and the complement of V has codimension at 
least two. 

Proof. Let D <Z X he a. (reduced) divisor such that q is an isomorphism over 
X\D. Since X is normal, there exists an open subset V (Z X such that 

(1) DrW is smooth. 

(2) X\V has codimension at least two. 

Let m be a positive integer such that for every point p of X, the order of the 
isotropy group at p divides m. Let £ be a sufficiently ample line bundle on X 
and let D' be a section of £™ ® Ox{-D) such that {D + D')r]V is smooth. Note 
that since X is not smooth, D may not be a Cartier divisor hence the reflexive 
sheaf Ox{—D) may not be a line bundle. We replace D hj D + D' without 
loss of generality and assume that there exists a line bundle £ on X such that 
£m ^ Ox{D). 

Let T denote the cyclic cover of X defined by the section D of £™. There is 
a natural G = Z/m action on T given by the action of Gm on C; by the choice 
of the integer m we have a rational map T --■> X defined over all codimension 
one points of X. Now we 'resolve' the singularities of the rational map T X 
G-equivariantly, to get a proper birational G-map T' — > T such that T' is 
smooth and the induced map T' — > X is actually a morphism. Moreover, by 
construction, this map is G-invariant. Thus we have an induced morphism from 
: Y — > X where Y = [T'/G]. It is now straight-forward to check that the 
map satisfies the required conditions of the theorem. □ 

3. POLYSTABLE VECTOR BUNDLES ON ORBIFOLDS 

In this section we prove Theorem 11.21 Throughout this section we work over 
the field k = C. 

3.1. Definition. Let Z he a projective Deligne Mumford Stack over k. A line 
bundle £ on Z is called ample, if some power of C descends as an ample line 
bundle on the coarse moduli space of Z. 

3.2. Lemma. Let X/k be a projective orbifold, and let C be an ample line bundle 
on X . Let f : Y — > X be a finite morphism, where Y/k is a normal projective 
variety. Let S be a vector bundle on X . Then 

(i) S is semistable with respect to C if and only if f*S is semistable w.r.t. 

(ii) £ is polystable with respect to L if and only if f*S is polystable with respect 
to f*{C). 
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Proof. The proof is similar to the case when X is a variety instead of an orbifold, 
and we refer the reader to [21 3.2] for details of the argument. □ 

Let X and C be as above. Let n be the dimension of X. 

3.3. Proposition. Let f : Y — > X be any morphism of projective orbifolds 
over k. Let S be a polystable vector bundle on X such that ci{£) = 0, and 
C2{£) ■ Ci(£)"'~^ = 0. Then f*S is polystable vector bundle on Y . 

Proof. By [3] we can find a diagram 

/' 

X'-^X 

where Y' and X' are smooth projective varieties and the horizontal morphisms 
are finite and dominant. By Lemma [321 the pullback g*S is polystable, and also, 
ci{g*S) = 0, and C2{g*£) ■ ci{g*CY~'^ = 0; note that g*C is ample because g is 
finite. Thus, g*S is given by a unitary representation of the fundamental group 
of X' [1], [1]. Therefore, f'*g*S is also given by a unitary representation of the 
fundamental group of Y', and hence it is polystable. Thus by Lemma [3^ f*S is 
polystable. □ 

3.4. Remark. We first observe that proving the Theorem 11.21 is equivalent to 
showing that if S — > X is polystable, and vr^ : Ux — ^ X is the universal 
covering space of X, then 

(1) vr^(i^) is trivial, and 

(2) TTxi^) admits a 7r||°^(X, x) invariant fiat unitary metric. 

3.5. Lemma. Theorem \1.2\ holds if X is a finite global quotient. 

Proof. If S — > X is given by a unitary representation of 7rl°^{X, x), then using 
Theorem ILH Lemma [1.11 and Proposition 13.31 it follows that S is polystable, and 

ci(£) = = c2(^)-ci(/:)"-2 = 0. 

Assume that S — > X is a polystable vector bundle with ci{S) = = 
C2{S) ■ Ci(£)'^"^ = 0. By hypothesis, there exists a smooth projective variety Y 
and a finite group G acting on Y such that X = [Y/ G] . Let / : Y — > X denote 
the natural map. Then f*{S) is a polystable bundle on Y with ci{f*S) = and 
C2{f*£) ■ ci(/*£)"~^ = 0. Let vTy : Uy — ^ Y denote the universal covering space 
of Y. Then Tiyf^i^) is a trivial vector bundle on Uy with 7rJ°^(Y,?/) invariant 
unitary flat metric, say (— , — ). Note that Uy is also the covering space for X. 
Moreover li x = f{y), then 7r|°^(Y,|/) is naturally a finite index subgroup of 
7r\°^{X,x). Let {gi} denote its finite coset representatives. It is then clear that 
the "averaged" metric, 

{vi,V2) := ^g*{vi,V2) 
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is a T^i^i^X^x) invariant unitary flat metric on Uy- Q 

We now reduce the general case of Theorem [L2] to the above special case using 
Theorem 12.41 

Proof of Theorem \1.2[ As in Lemma [331 if S is given by a unitary representation 
of 7r{°^(X, x), then S is polystable, and ci{£) = and C2{£) ■ ci(£)""^ = 0. 

Assume that £ is polystable, and Ci{S) = and C2{S) ■ Ci(£)"~^ = 0. Let 
: Y — y X be a morphism as guaranteed by Theorem 12.41 Fix a point yo of 
Y. Then, since F is a finite global quotient, by Lemma [3.5[ (/)*{£) is defined by 
a unitary representation of ttI°^{Y, i/q). 

However, for any point y eY, the kernel of Gy — > G^(^y) acts trivially on the 
fiber of 0*(^) at y. Thus this kernel is also contained in the kernel of the unitary 
representation. Then by Theorem 12.31 the unitary representation of 7rJ°^(y, |/o) 
which defines (j)*{E) actually factors through 7rJ°^(X, 0(?/o)). This completes the 
proof. □ 
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